ISRAEL JOURNAL OF MATHEMATICS 93 (1996), 9-27

GALOIS GROUPS OVER COMPLETE VALUED FIELDS

BY

DAN HARAN

Raymond and Beverly Sackler Faculty of Exact Sciences
Tel Aviv University, Tel Aviv 69978, Israel

e-mail: haran@math.tau.ac.il

AND

HELMUT VOLKLEIN*

University of Florida
Gainesville, FL 32611, USA
and
Universitit Erlangen, Germany

e-mail: helmut@math.ufl.edu

ABSTRACT
We propose an elementary algebraic approach to the patching of Galois
groups. We prove that every finite group is regularly realizable over the

field of rational functions in one variable over a complete discrete valued
field.

Introduction

Harbater introduced “patching” in [H1] to prove that each finite group occurs as
a Galois group over the field of rational functions K(z), where K is the field of
fractions of a complete local ring. In particular, this holds if K is any discrete
complete valued field. Harbater’s work is phrased in the language of formal
geometry (i.e., formal schemes). Liu [Li} and Serre [Se, Theorem 8.4.6] translated
it into the language of rigid analytic geometry. Both approaches rely on general
GAGA theorems relating formal (resp., rigid analytic) geometry to algebraic
geometry.
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In the present paper we give an elementary proof of this theorem that replaces
these general GAGA principles by a simple ring-theoretic “GAGA” correspon-
dence based on the so-called “Cartan’s Lemma”. This approach also yields a
short proof of a recent result of Harbater [H5] and Pop [Po]: If K is a count-
able algebraically closed field, then the absolute Galois group of K(z) is the free
profinite group F,, of countable rank. This implies that £, is the absolute Galois
group of every function field L of one variable over K, since such L is finite over
K(z) (Corollary 4.7).

Cartan’s Lemma is basic for the development of rigid analytic geometry.
Matrix factorizations as in Cartan’s Lemma have also been used by Harbater
([H2] and [H3]) in his formal geometry approach. One of the contributions of
this paper lies in isolating a particularly weak variant of Cartan’s Lemma that
succeeds to render our ring-theoretic version of GAGA.

Further development of Harbater’s patching method has culminated in (the
first part of) the proof of Abhyankar’s Conjecture given by Raynaud [Ray] and
Harbater [H4)]. (The second part uses other methods from reduction theory.)

The material in this paper is presented from a slightly different point of view
in Chapter 11 of the forthcoming book [V].

ACKNOWLEDGEMENT: We thank M. Jarden for many stimulating conversations
and suggestions on the topic of this paper. Further, we acknowledge a helpful
talk of M. van der Put (Oberflockenbach, February 1994) on the proof of Serre
and Liu.

1. Rings of convergent power series

The results of this and the next section are well known. The reader may find them
scattered in [BGR] and [FP]. We reprove them here in order to be self-contained,
without relying on the whole machinery of rigid analytic geometry.

Let R be a commutative ring with unity equipped with a non-trivial ultra-
metric absolute value | |. That is, a — |a| is a map R — R satisfying:

(a) |a] >0, and |a|] =0 if and only if a = 0;

(b) thereisa € R with0 < |a] < 1;

(c) lab| = |al - |b]; and

(d) la+b| < max(|al, [b]).

By (a) and (c), R is an integral domain. By (c), the absolute value of R extends
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to an absolute value on the quotient field of R (by |§] = %) It also follows that
| —a| = la|, and
(d') If |a] < {b], then |a + b] = |b].

Assume, furthermore, that

(e) R is complete with respect to | |, i.e., every Cauchy sequence in R

converges.

It then follows from (d) that a series Y . an of elements of R converges if and
only if a, — 0.

Remark 1.1: Ifa € R and |a| < 1, then 1 —a € RX. Indeed, 1 + a4+ a® + ---

converges, say, to b€ R. As (1 —a)(l1+a+---+a")=1-a"" — 1, we have
(1-a)b=1.

Example 1.2: (i) Let p be a prime. The field Q, of p-adic numbers is complete
with respect to the p-adic absolute value.

(ii) Let Ko be a field, and let 0 < ¢ < 1. The field Ko((t)) of formal power
series Y2 o a;t* with coefficients in Ky and N € Z is complete with respect to
the absolute value | 00 \ a;t*| = emin(il a:70),

See Lemma 1.3 below for additional examples.

Let z be a free variable over R. Define

R{z} = {Z an2"| an € R, lim a, = 0};

n=0

oo
R{z,z7'} ={ Z an2"| a, € R, Inlliinooan = 0}.

These sets are commutative rings under the obvious addition and multiplica-
tion. Indeed, if 3~ ;2,3 a;2/ € R{z,27'}, then 3, . a;b; converges for
each n € Z, say, to ¢, € R, and ¢, — 0 as n — oo. Thus 3", a;2* - > bzl =
3. caz™ € R{z,27"}.

View R{z} as a subring of R{z,z71}.

Define the norm |f| of f =3 anz™ € R{z,27'} by |f| = max(|a,|).

LEMMA 1.3:

(i) The norm is an ultrametric absolute value on R{z, 27!}, extending that
on R.

(i) Both R{z} and R{z, 271} are complete with respect to the norm.
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(iii) Eachc € R with |c| = 1 defines an evaluation homomorphism R{z, z~!}
— Rgiven by f =3 anz" — f(c) =), anc".

(iv) Each c € R with |c| < 1 defines an evaluation homomorphism R{z} —
Rgiven by f =Y anz" - f(c) =), anc™.

(v) For each f € R{z,27 '} there are f* € R{z} and f~ € R{z~!} such that
f=rr+f"and(fH |71 <)

Proof: (i) We check that |fg| = |f|-|g| for f,g € R{z,271}. Let f =Y oo @i2*
and g = Y 5o b;z'. We may assume f # 0 and g # 0. Clearly |fg| < |f]- gl
Conversely, let n,m be the largest indices such that |a,| = |f| and |bn| = |g],
let £ = n + m, and consider the coefficient c; of z¢ in fg. If i + j = £ and
(,7) # (n,m) then ¢ > n or § > m. Hence |a;| < |f| or |b;| < |g|, and therefore
lai} 1651 < |f1-lgl. Thus max;i;=¢(}a:b;) = |an|-|bm| = |f|-lg], and this maximum
is obtained only when (4, j) = (n,m). Hence |co| = |3, ;_, aibj| = |f] - |g] (by
(d') above), and so |fg| > [f] - |gl.

Axioms (a), (b), and (d) for an ultrametric absolute value hold trivially.

(ii) Consider a Cauchy sequence (f,) in R{z,z7!'}. This yields a Cauchy
sequence in each coefficient, hence (f,) converges coefficientwise to some formal
sum f =Y a,z". It is easy to show that actually f € R{z,z7'} and |f - f,| —
0. If f, € R{z} for each n, then f € R{z}.

(iii) and (iv) are straightforward.

WEF=2 a2 let T =32 ayz?and f~ =300 an2™ |

n=-—0oo

Definition 1.4: For f =Y . anz™ # 0 in R{z} define the pseudodegree of f
to be the integer d = max(n : |a,| = |f|). Call f regular, if a4 is invertible in R.

Remark 1.5: The map z — 27! defines a norm-preserving R-automorphism w
of R{z,z7'} of order 2. It maps R{z} onto R{z7'}. Thus R{z} & R{z7'}.
Furthermore, w maps R|[z] onto R[z!], and R|[z, 271] onto itself.

THEOREM 1.6 (Weierstrass Division Theorem): Let f € R{z} and let g € R{z}
be regular of pseudodegree d. Then there are unique g € R{z} and r € R[z] such
that f = qg + r and degr < d. Moreover,

(1) lq| - lgl < |f] and  |r| <|fl.
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Proof:

PartT I: Estimates (1). Assume that f = gg + r, where degr < d. If ¢ = 0,
then (1) is clear. Assume that ¢ # 0 and let [ be the pseudodegree of gq. Then
lag| = |q|-|g| equals the value of the coefficient of z¢*! in gg; this coefficient is also
the coefficient of z?*! in f = qg + r, since degr < d + l. Therefore |g| - |g| < |f|-
It follows that |r| = |f — qg| < max(|f],]qg]) < |f]-

PART II: Uniqueness. Assume that f = gg+r = ¢'g+7’, where degr,degr’ < d.
Then 0= (¢—¢')g+(r—71'). By Part I, |g—¢'| = |r — 7’| = 0. Hence ¢ = ¢’ and

r=r'.

ParT III: Existence if g is a polynomial of degree d. Write f as Y oo, bn2™.
For each m > 0 let fn, = > ' bn2™ € R[z]. As g is regular of pseudodegree
d, its leading coeflicient is invertible. Euclid’s algorithm for polynomials over R
produces ¢m, 'm € R[z] such that f., = gmg+rm and degry, < degg. Thus for all
k,m we have fr,— fx = (gm —qk )9+ (Tm —7k). By Part L |gm —gkl-|g], |rm —Tk| <
| frn— fr|- Thus {g}°_, and {rm, }3>_, are Cauchy sequences in R{z}, and hence
they converge to ¢ € R{z} and r € R[z]. Clearly f = qg + r and degr < d.

PArr IV: Existence for arbitrary g. If g=3 "  a,2™, put go = Zi:o an 2" €
R[z]. Then |g — go| < |g|. By Part III with g and f there are ¢o € R{z} and

ro € R[2] such that f = gogo + o and degro < d. By Part I, |go] < !l and

Iro] < |f]- Thus f = gog+ 7o+ f1, where fi = —go(g — go), and |f1] < Eﬁ—ol £l
Put fo = f. By induction we get, for each k > 0, elements fi, ¢x € R{z} and
Tk € R[2] such that degr < d and
fe=arg + 76 + frvr,  lgi| < %, Irel < 1fkl, and  |fieqa] < o l—g|go| | fil-
It follows that |fx| — 0, whence also |gk|,|rx| — 0. Therefore ¢ = Y27 qx €
R{z} and r = Y o,k € R[z]. Clearly f = gg+r and degr < d. 1

COROLLARY 1.7: Let f € R{z} be regular of pseudodegree d. Then f = qg,
where q is a unit of R{z} and g € R|z] is a monic polynomial of degree d with

lgl = 1.

Proof: By Theorem 1.6 there are ¢’ € R{z} and r’ € R[z] of degree < d such
that 2¢ = ¢'f + 7' and |r'| < |z¢| = 1. Put g = 2¢ —r'. Then g is monic of degree
d, and g = ¢'f. Clearly |g| = 1. It remains to show that ¢' € R{z}*.
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Notice that g is regular of pseudodegree d. By Theorem 1.6 again, there are
q € R{z} and r € R[z] such that f = gg +r and degr < d. Thus f = q¢'f + 7.
But f = 1f + 0 as well. By the uniqueness in Theorem 1.6, g¢ = 1. Hence
q € R{z}*. |

For the rest of this section let K be a field complete with respect to a non-trivial
ultrametric absolute value. Every non-zero g € K{z} is regular. If g € K|[z] is
monic of degree d and |g| = 1, then g is of pseudodegree d.

COROLLARY 1.8: Let g € K|[z] be monic of degree d, irreducible in K|[z], and
|g| = 1. Then g is irreducible in K{z}.

Proof: The irreducibility of g in K[z] implies that d > 0. Therefore g is not
a unit in K{z}, otherwise the two presentations 1 = gg~! + 0 and 1 = g0 + 1
contradict the uniqueness in Theorem 1.6.

Suppose that g = g1g2, where g1, g2 € K{z} are not units. By Corollary 1.7 we
may assume that g; is a monic polynomial in z, say, of degree d;, and |g;| = 1.
Hence g; is of pseudodegree d;. By Euclid’s algorithm there are ¢, r € K|[z] such
that degr < dy and g = g1¢+ . But g = 9192 + 0 as well. The uniqueness
in Theorem 1.6 gives go = ¢ € K|[z]. Thus either g; € K[2]* C K{z}* or
g2 € K[2]* C K{z}*, a contradiction. [

LEMMA 1.9: Let A be either K{z} or K{z,2='}. Each f € A can be written as
f =pu withp € K[z] and u € A*.

Proof: For A = K{z} the claim follows from Corollary 1.7 (with R = K).

Let A= K{z,27},and let f = Y o. __ anz" € A. We may assume that
f#0,and —1 = min(n: |a,| = |f|) (after multiplying f by a power of z, which
is a unit of A).

Set R = K{z}, and introduce a new variable w. Consider the ring R{w} of
power series Y22 a;w’ with a; € R and |e;j| — 0. Setting o = }°;7 g an2™ and
a; = a_; for j > 0 we obtain an element f = 7w’ of R{w} that is regular
of pseudodegree 1. By Corollary 1.7 (with w instead of z) we have f = pii, where
@ is a unit of R{w} and p = w + 3 for some § € R.

In particular, @ is a unit of A{w}. We have |z7!| = 1. The evaluation
homomorphism § : A{w} — A given by F — F(27!) maps @ onto a unit v’
of A. Thus f = 8(f) = 8(H)8(&t) = (2 + B)u' = (1 + 2B)2~1u'. Replacing f by
f' =1+ 28 € R = K{z} reduces us to the case that f € K{z}. But this case
has already been dealt with. |
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THEOREM 1.10: The rings K{z,27*}, K{z}, and K{z™'} are principal ideal
domains. Each ideal is generated by an element of K[z, z71].

Proof: Let A be either K{z} or K{z,27'}. By Lemma 1.9, each ideal I of A4 is
generated by I’ = INK|z]. This I’ is an ideal of K|z], hence I’ = pK|z] for some
p € K|z] (since K|z] is a principal ideal domain). Thus I = pA is a principal
ideal.

The case of K{z!} follows by Remark 1.5. 1

Let Q1, Q2, and Q be the fields of fractions of K{z}, K{z~'}, and K{z, 271},
respectively. View Qq, Q2 as embedded into Q.

COROLLARY 1.11: The intersection of Q and Q; inside Q equals K (z).

Proof: We have K[z] C K{z} and K[z7!] C K{z7!}, hence K(z) C Q; N Q,.
For the converse, let f € @, N Qy. By Corollary 1.7, f = fi/p1 with fi € K{z}
and 0 # p; € K[z]. By Remark 1.5, f = fa/ps with fo € K{z7'} and 0 #
p2 € K[z71]. There are n,m € N such that 2"p, € K[z] and 2" ™p; € K[2™1].
Then the element g = (2"p2)fi = 2™ (2" "p1) f2 lies in K{z}, and z~™g lies in
K{z7'}. Clearly this implies that g € K|[z] (of degree < m). Thus f = f;/p; =
9/(2"p2p1) € K(z). 1

2. GAGA

As in section 1, let K be a field complete with respect to a non-trivial ultrametric
absolute value | |. Let Ry = K{z}, Ro = K{z7!}, and R = K{z,271}. Let Q;,
Q2, and Q be their fields of fractions, respectively. View @, Q; as subfields of
Q.

For a matrix A = (a;;) € Mn(R) define the norm ||A|| = max;; |a;;| of A.

LEmMMA 2.1:
(i) Every Cauchy sequence in M, (R) converges.
(i) (|4 + Bl| < max(||4][, ||BIl);
(iii) [|AB|| < ||All-|IBI|;
(iv) if ||A|| < 1, then I, — A € GL.(R) = (M.(R))”.
(v) Let 0 < ¢ < 1. Let (A;) be a sequence of matrices in Mn(R) such that
||As|| < c for each i, and ||A;|| — 0. Let P; = (I, — A;)--- (I, — A;), for
i > 1. Then the sequence (P;) converges to a matrix in GL,(R).
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Proof:  Assertions (i), (ii), and (iii) follow from the properties of | |. The proof
of (iv) is a straightforward analogue of Remark 1.1.
(v) Put Py = I,,. By (ii) and (iii) we have ||P;|| < 1 for each . Hence

(2) 1P = Pcall = [1Pim1(In = Ai = L) < |Pical] - [|Asl] < {|Asl] — 0.

Thus (P;) is a Cauchy sequence, and hence converges so some P € Mu(R).
Furthermore, by (i) and by (2), ||Pj—I.|| = || 320_,(Pi—P;_1)|| < max ||A;|| < c.
Hence ||P — I,]| < 1, and therefore P € GL,(R) by (iv). |

LEMMA 2.2 (Cartan’s lemma [FP, II1.6.3]): Let B € M,(R) such that
||B — I.|]| < 1. Then there are B; € GL,(R;) and Bz € GL,(Ry) such that
B = BIB2.

Proof: Deduce from Lemma 1.3(v) that for each A € M, (R) there are AT € R,
and A~ € Ry such that A = At + A~ and ||A*]|,[|A~|| < [|A]|. Let Ay = B-1,
and ¢ = ||]Ay]|- Then 0 < ¢ < 1. The condition

I, + A]'+1 = (In - A;-)(In + AJ)(In - AJ_)
defines recursively a sequence (4;)32, in R. From
Ajp1 = A;_AJ_ — A;'Aj — AJAJ_ + A;_A]A;

it follows that ||4;41|| < ||A4;]|%. By induction, ||4;]] < ¢/, and hence 4; — 0.
Further,

(8) It Ajpr= U= A7) (I — AD) B (In = A7)+ (In — A7).

We have |[A7[| < ||A;]] < ¢ <1 and ||A]|| — 0. Hence by the Lemma 2.1(v)
the partial products (I, — A7) --- (I, — Aj) converge to some By € GLy(R3)
Similarly, the products (I, — Af) -+ (I, — AT) converge to some B, € GL,(R;).
Passing to the limit in (3) we get I, = B{ BBj. Hence B = (B})~!(B})~!. [

3

COROLLARY 2.3: Let B € GL,(R). Then there are By € GL,(RN @;) and
By € GL,(RN Q2) such that B = B Bs.

Proof: As K[z,z7!] is dense in R, there is A € Mn(K[z,27!]) such that
IB~! — A|l < 135 Then ||BA-Li|| = |IB(A-B7Y)|| < [|B]|- |4 - B!|| < 1.
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By Lemma 2.1(v), BA € GL,(R). In particular, A € GL,(R) is a regu-
lar matrix over K(z), whence A € GL,(Q2). By Cartan’s lemma there are
B; € GL,(R1) and B3 € GL,(R2) such that BA = B1B)}. Thus B = B;B;,
where By € GL,(R;1) € GL,(RN Q) and By = B4A™! € GL,(R) N GLA(Q2).
[ |

3. Patching

Fix a field Q and a finite group G. Let IndG = {dec aggl ag € Q} be the
free Q-module with basis G. Then G acts on Ind¢ @ from the left by o(ag) =
a(og). Turn Ind¥ @ into a commutative Q-algebra by 2 gcG 399 " 2 gec beg =
deG agbyg. (Thus, as a ring, Ind$ Q is the direct product of |G| copies of Q.)
The G-action on Inde preserves this multiplication. The unity of Ind?Q is
dea 1g, and @ (and every subfield of Q) embeds into Ind§ Q via a — > 0ec ag-
For a Galois extension P/Q contained in  such that its Galois group H is a
subgroup of G we define
(4)

d$ P = {Z agg € nd¥ Q| a, € P, agr =7 Ya,) for all g € G, 7 € H}.
9€G

If 1 is a system of representatives of G/H, then
(4)
Ind§ P ={} agg € ndf Q| a, € P, a, =77 (a,) for allw € Q, 7 € H}.
g€G

LEMMA 3.1: Indg P is a subring of Indf Q. Moreover,
(a) Ind$ P is G-invariant.
(b) (Ind; P)° = Q.
(c) Ind$ P is isomorphic over Q to the direct product of (G : H) copies of P.
(d) dimg Indf; P = |G| = dimg Ind{ §.

Proof: (a)Leta =3} a9 € Ind% Pand o € G. Thena = Y geG G010 g
and a,-14, = 77 (a,-1,) forall g € G and 7 € H. As o(a) = Ygec tg(og) =
Y- geG @o-1¢9, the last condition implies o(a) € Ind§ P.

(b) The group G fixes a = 3 ;049 € Ind§ P if and only if aog = a4 for all
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g,9 € G, that is, a; = a; for all g € G. Thus

(Ind§, P)¢ = {Z agla€ P, a=71""a)for all T € H}
9€G

={D_aglac@}=0
9€G
(c) Let © be a system of representatives of G/H. It follows from (4') that
Y gec 99 P 2yeqn Gow IS @ Q-isomorphism Ind$§ P — P2,
(d) The assertion follows from (c). ]

Remark 3.2: A basis of Indg P over Q. Let 3 be a primitive element for P/Q,
and let Q@ = {w1,...,wm} be a system of representatives of G/H. Let 11,...,7

be an enumeration of the elements of H. The following sequence of |G| elements

of Ind§, P
[

="M Y whn)| 1< k<m, 1<5 <)
i=1
(say, with the lexicographical order) is a basis of Indf Q over Q.

Indeed, let S = (1g] ¢ € G) be the standard basis of Ind€ @ over Q, and let
B € Mn(Q) be the transition matrix from S to C, that is, the matrix defined by
C = SB. Of course, B depends on the order of the sequence S, but only up to
the order of its columns, which will not be important in the sequel. For instance,
write S as (1(wx7:)| 1 < k < m, 1 < ¢ <) (with the lexicographical order). Then
B consists of m identical diagonal blocks By = (7,7 1(67"1)) € Mi(Q). These are
Vandermonde matrices, and hence

det By = H [r(B) — 7'(B)] = x discrg B # 0.
o

Thus B € GLn(Q), and therefore C is a basis of Ind% @ over Q.

By Lemma 3.1(d), C is also basis of Ind$, P over Q.

Moreover, let R be a subring of @ that contains all conjugates 7(3) of § over
@ and such that discrg /3 is invertible in R. Then the entries of the transition
matrix B lie in R, and det B € R*. Hence B € GL,(R).

Definition 3.3: Let I be a set of indices, |I| > 2.
Patching data £ = (E, F}, Q;, Q; G;, G)ies consist of fields E C F},Q; C @
and finite groups G; < G, for each ¢ € I, such that
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(i) F;/E is a Galois extension with group G;, for every ¢ € I;
(i) F; C ;4 Qj, for every i € I;
(iii) Mye; Qs = E; and
(iv) the subgroups G; generate G.

For each i € I put P; = F;Q;, the compositum of F; and Q; in Q Conditions
(ii) and (iil) imply that F;NQ; = E. Hence P;/Q; is a Galois extension with group
isomorphic (via the restriction of automorphisms) to G; = G(F;/E). Identify
G(P;/Q;) with G; via this isomorphism.

Let N = Ind{ Q and N; = Indg P; C N, for each i € I. Let F =), N;. Call
£ = (E,Fi,Qi,Q;Gi,G; P;, N,N;, F);er the full patching data associated
with £.

Fix, for the rest of this section, a full patching data
Sl = (E’FithQ;GiaG; Pi7N»Ni,F)i€I'

PROPOSITION 3.4: Assume that:

(COM) There is a linear basis of N over Q contained in each N;.
Then

(a) F is a Galois field extension of E with group G (via restriction from N );
(b) for each i there is a linear basis of F over E that is a basis of N; over Q;.

/

N; N

/

Qi

F—=+F

E// F; Q;

Proof: By Lemma 3.1, F is an F-algebra. Definition (4) gives an explicit
presentation of F' as

(5)

F= Z aqg € Ind? Q| ag € ﬂ P, agr = T‘l(ag) foralge G, ¢ UGi
9€G i€l el
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(b) Let C = (o, ..., ay,) be the basis mentioned in (COM). Then ay,...,a, €
F. By Lemma 3.1(b), N; is a Q;-algebra, and by Lemma 3.1(d), dimg, N; =
dimQ N = #C. Therefore C is a basis of N, over ;. Moreover, C is a basis of F
over E. Indeed, every b € N can be uniquely written as b = ayay + - - + apay,
with a1,...,a, € Q. Then b € N; if and only if a1,...,a, € Q;. Hence b € F if
and only if a1,...,a, €(),Q: = E.

(a) We first show that Fis a field. Let a« = 3 .5 ag9 € F'. Assume that & # 0.
Then the set X = {g € G| a, # 0} is not empty. By (5), X = X(U,;c; G:). Hence
X =X(Giliel)=XG=@G. Let o/ = decag‘lg. By (5), o/ € F. Clearly
ac’ = 1. Thus « is invertible in F, which proves that F is a field.

By Lemma 3.1(a), the N; are G-invariant, and hence so is F. By Lemma
3.1(b), F¥ = ", N¢ =(;Q: = E. By (b), [F : E] = |G|, and hence G acts
faithfully on F. By Galois theory G(F/FE) = G. |

Condition (COM) is crucial for Proposition 3.4. We will achieve it only in a
very special situation.

It will be convenient to identify the field F' constructed in Proposition 3.4 with
a subfield of Q:

Definition 3.5: Consider the homomorphism of Q-algebras m: Indf Q-0 given
by dec agg — a1. Then 7| is an isomorphism. We call 7(F') the compound
of &.

We now list some properties of the patching.

LEMMA 3.6: Assume that £ satisfles (COM), and let F’ be its compound. Then

(a) F'/E is a Galois extension with group G.

(b) P, = F'Qi, and the restriction G(P;/Q;) — G(F'/E) is the given inclusion
G, — G, foreachi€l.

(¢c) Let L/E be a finite Galois extension, and let p: G — G(L/E) be an epi-
morphism. Assume that L C (;; P; and that resp,/p7; = p(7;), for every
7. € G; < G and each i. Then L C F' and resp:;10 = p(c) for each o € G.

(d) Let I = {1,2}. If G is the semidirect product G1xGz, then F, = (F')*1
and resp/r, is the projection p: G — G (that is the identity on G2 and
G 1= ker P )

(e) Fixi € I. Let v be a discrete valuation of E. Assume that it extends to a
valuation v; of Q; such that the extension Q;/E is immediate. Then

(i) v ramifies in F' if and only it ramifies in F;;
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(i1) a decomposition (resp. inertia) group of v in F' is contained in G;.

Proof: Let N = Ind{ @, and for each i € I let P; = F;Q; and N; = Ind§ P; C
N. Let F =), N;, and let m: Ind{ Q — Q be the projection 3" a9 — ai.

(a) This follows from Proposition 3.4(a). The restriction from N to F
is an isomorphism G — G(F/E). The isomorphism 7: F — F’ induces the
isomorphism G(F/E) — G(F'/E) by o — mocgon~l. Thus G acts on F' by
(6) o(n(a)) = m(o(a)), c€G, a€eF.

(b) By (5), F' C P;. Let 7 € G; = G(P;/Qi), and a = )] as9 € F.
Then 7(r(a)) = 7(a1) = ar-1 = 7(} e ar-149) = 7(7(ax)). By (6), respi7 = 7.

In particular, G(P;/Q;) — G(F’/E) is injective, and hence P, = F'Q;.

(c) Define an embedding A: L — N by Aa) = }_ ¢ p(g71)(a)g. Clearly
moA=1idy. If g € G and 7 € G, then

p((g7) ™ )(a) = p(7 ") (p(g™")(a)) = 771 (p(g™")(a)).

By (4), A(L) C N; for each 7, and hence A(L) C F. Thus L = n(A(L)) C n(F) =
F'.

Identify G(F/FE) with G via restriction to F'. If 0 € G and a € L, then
a(Ma)) =Y alg™")(a) (69) = D p((09) ™) (p(0)(a)) (09) = A(p(0)(a)).

geG g€eG
Hence, by (6), o(a) = o(n(A((a))) = w(0(A((a))) = w(A(p(0)(a))) = p(c)(a).

(d) Let L = Fp. If 1y € Gy = G(P1/Q1), then p(11) = 1, and resp, /(71) =
1,since L = F3 C Q1. If » € G2 = G(P2/Q2), then p(m2) = 72, and resp,/1.(72) =
Ty, by our identifications. Hence the assertion follows from (c).

(e} All the information comes from completions: Extend v; to P; and let
P, / Q; be the completion of P /@i (that is, P, be the completion of P;, and Q; be
the closure of Q; in 131) Let 9; be the extension of v; to 131'. Then the restriction
G(P;/Q;) — G(P;/Q;) maps G(P;/Q;) onto a decomposition group of v; in P;,
and the inertia group of ¢; onto an inertia group of v; in P,.

As Q;/E is immediate, and, by (b), P; = F'Q;, we get that P;/Q; is the
completion of F'/E. Thus a decomposition (resp. inertia) group of v in F’
is contained in the image G; of the restriction map G(P;/Q;) — G(F/E). In
particular, v ramifies in F’ if and only if v; ramifies in P;.

Similarly, since P; = F;Q;, we get that v ramifies in F; if and only if v;
ramifies in P;. Thus v ramifies in F; if and only if v ramifies in F’. |
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4. Realization of groups

Let K be a complete field with respect to a non-trivial ultrametric absolute
value and let z be transcendental over K. Let Ry = Ry = K{z}, let Ro = R} =
K{z7'} and R = K{z,27'}. Let Q1,Q3, Q be the quotient fields of Ry, Rs, R,
respectively, and let E = K(z). Then E C Q1,Q2 C Q. By Corollary 1.11 we
have @; N Q2 = E. Also denote R}y = K[27!] and Ry = K[z]. Let Q) = Q.
and Q'z =Q.

LEMMA 4.1: With E, Q1,Q2, Q as above, let
(7) (E,F;,Qi,Q; Gi, G)iz1,2

be a patching data. Assume that F; = E(f3;), where 3; and all its conjugates
over E are in Q; N R, and discrg §; € R*, for i = 1,2. Then

(a) condition (COM) of Proposition 3.4 holds;

(b) the compound F' of (7) has an unramified K -rational place.

Proof: Recall (Definition 3.3) that (7) being a patching data means that G is a
finite group generated by the subgroups G1, G2, we have F; C @2 and F;, C Qq,
and F;/E is a Galois extension with group G;, for i =1, 2.

(a) Let 1 < ¢ < 2. By Remark 3.2 there is a basis C; of N; = Indgi F;Q; over
Q; that is also a basis of N = Ind? Q over Q such that the transition matrix B;
from the standard basis of V to C; is in GL,,(R). Therefore the transition matrix
BB, from C; to Cy is in GL,(R). By Corollary 2.3 there are A; € GLn(Q1)
and A; € GL,,(Q2) such that Bl_lBg = A1A;. Put C =C14; = C2A;1. Then C
is a basis of N over Q contained in both Ny and N,. This gives (COM).

(b) Recall that F' C Q. Each a € K with |a| = 1 induces the evaluation
homomorphism z — a from R to K. As R is a principal ideal domain (Theorem
1.10), this homomorphism extends to a K-place @ — K U {oo}. Its restriction
@ to F' is a K-place. There are infinitely many ¢ € K with |a| = 1. For all but
finitely many of them ¢, is unramified over E. n

Let F/E be a finite Galois extension with group G, and let 7: F — F’ be
an isomorphism of fields that maps E onto itself. Then 7 induces an isomorphism
G(F/E) — G(F'/E}, and hence G(F/E) = G, where G acts on F' via (6).

In the next lemma consider both K({z)) and R as submodules of the K-

o0

o o @i2" with coefficients in K.

module of formal double sided power series >
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For ¢ # 0 in K let u. be the automorphism of the field K((z)) mapping f(z) =
Y naizt to f(ez) = 32 y(aict)z'. Note that . leaves E = K(z) invariant.

LEMMA 4.2: Let F/E be a finite Galois extension such that F/K has an
unramified prime divisor P of degree 1.
(a) There is a K-automorphism 6 of E that extends to a K-embedding of fields
6: F — K((z)).
(b) Assume that F' C K((z)). Let 8 be a primitive element for F/E. Then
there is r > 0 with the following property: If ¢ € K* and |c| < r, then
pc(B) and all its conjugates over E are in Q1 N R and discrg p.(8) € R*.

Proof: (a) Let p be the prime of E/K below P. Let F be the completion of F' at
P, and let E C F be the completion of E at p. Then [F : E] = e(F/E) f(F/E) =
1. Apply an automorphism of E/K to assume that p is z — 0. Then E = K((2)).
Hence F C F' = K((2)).

(b) Let Bi,...,B8m be the conjugates of 3 over E. For i # j set \;; =
(B; — B;)"* € F. All §; and all \;; lie in K((z)) and are algebraic over E. By
a theorem of Artin [Ar, Theorem 2.14] there is ¢g € K* such that the 8; and
the A;; converge at z = ¢o. Let ¢ € K* such that |¢| < |¢o]. Then the §; and
the Ai; converge at z = c. It follows that we may consider the convergent series
pe(Bi)s te(Aij) as elements of @1 N R (such that the coefficient of z=™ is 0 for
sufficiently large n). As pc(B; — B;)pc(Xij) = 1, we have pc(6;) — pe(B;) € R*.
Hence discrg p.(8) € RX. |

PRroPOSITION 4.3: Let G be a finite group generated by subgroups G, and G.
For ¢ = 1,2 let F; be a Galois extension of E = K(z) with group G; such that
F;/K is a regular extension that has an unramified prime of degree 1. Then
there exists a Galois extension F' of E with group G such that F/K is a regular
extension that has an unramified prime of degree 1.

Moreover, if G is the semidirect product G1xGs, then we may choose F
so that F» C F and the restriction map G{F/E) — G(F,/E) Is the canonical
projection p: G — Gs.

Proof: 'We may replace Fy by F; = 05(F3), where 65: F; — F} is an isomor-
phism of fields that restricts to an automorphism of E. Indeed, 65 induces an
isomorphism G(F;/E) — G(F,;/E), and hence G(F}/E) = G,. Suppose that
G = G1xG> and that F'/E is a Galois extension with group G so that F} C F”
and the restriction map G(F'/E) — G(F;/E) is p. Extend 0, to an isomorphism
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of fields #: F — F’. Then 6 induces an isomorphism G(F/E)} — G(F’'/E), and
hence G(F/E) = G, and the restriction map G(F/E) — G(Fy/E} is p.

Apply Lemma 4.2 to replace Fy/E by an isomorphic extension so that Fy =
E(f2), where (32 and all its conjugates over E are in @1 N R and discrg 32 € RX.
By the same argument and by Remark 1.5 we may assume that F; = E(8;),
where (3, and all its conjugates over F are in @2 N R and discrg 8; € R*. By
Lemma 4.1(a) the patching data (7) satisfies (COM) and its compound has an
unramified K-rational place. The first assertion follows by Lemma 3.6(a). The

second assertion follows by Lemma 3.6(d). |

Recall that a local integral domain R with a maximal ideal m is complete
if R =lim R/m™.
THEOREM 4.4 (Harbater): Let K be the quotient field of a complete local
integral domain, properly contained in K. Let G be a finite group. Then there
is a Galois extension F/K(z) such that G(F/K(z)) 2 G and F/K is a regular
extension that has an unramified prime of degree 1.

Proof: By [Ja, Corollary 1.6] we may assume that K is a complete field with
respect to a non-trivial ultrametric absolute value. Apply inductively Proposition
4.3. Thus it suffices to assume that G is abelian (or even a cyclic p-group). Such a
construction is well known (see [FJ, Lemma 24.46] or [V, Section 10.4.2]), except
perhaps for the existence of an unramified prime of degree 1. But this follows
from the next lemma: |

LEMMA 4.5: Let K be an infinite field, and let F/K(z) be a Galois extension
with abelian group G, such that F/K is regular. Then there exists a Galois
extension F'/K(z) with group G, regular over K such that F'/K is regular and
has an unramified K-rational prime (i.e., a prime of degree 1).

Proof: Let E = K(z). Only finitely many primes of F/K are ramified over E.
Therefore there is a prime p of E/K with residue field K and a prime P of F/K
above p that is unramified over E. Let L be the residue field of P. Then L/K is
a finite Galois extension. As F/K is regular, F and L are linearly disjoint over
K. Therefore FL/E is a Galois extension, and G(FL/E) % G(F/E) x G(L/K).
Let q be a prime of FL/L above P. As FL/L is a constant field extension of
F/K, the prime q is unramified over F', and hence also over E, and its residue
field is L.
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Let A be the decomposition group of q over E, let F' = (FL)® be the
decomposition field, and let P’ be the prime of F’ below q. Then the residue
field of P’ is K. The algebraic closure of K in F” is contained in the residue field,
and hence it is K. Furthermore, F'/K is separable, since FL/K is. Hence F'/K
is regular.

It remains to show that A is normal in G(FL/E) and G(FL/E)/A = G.
This will follow if we show that G(FL/E)= G(FL/EL) x A.

The restriction 7: G(FL/E) — G(EL/E) maps A onto the decomposition
group of gN EL over E. As EL/L is a constant field extension of E/K, this
decomposition group is G(EL/E). Therefore A - G(FL/EL) = A - Ker(w) =
G(FL/E). As the inertia group of q over E is trivial, there is an isomorphism
A — G(L/K), and hence |A| = [EL : E]. It follows that 7| is an isomorphism,
and therefore A N G(FL/EL) = AnKer(nr) = 1. Finally, as G(FL/E) =
G(FL/EL)x G(FL/F), and G(FL/EL) = G is abelian, G(FL/EL) lies in the
center of G(FL/E). Hence G(FL/EL) commutes with A. |

THEOREM 4.6: Let Ky be an algebraically closed field. Then every finite
embedding problem over Ky(z) is solvable.

Proof: By Tsen’s theorem [Ri, Proposition V.5.2], Ky(z) has cohomological
dimension 1. Hence the absolute Galois group of Ko(z) is projective [FJ, Remark
on p. 293]. By Jarden’s lemma [Ma, p. 231] it suffices to show that all split
embedding problems over Ko(z) are solvable. So consider the split embedding
problem given by a finite Galois extension Lo/ Ko(2) and a split surjection p: G —
G(Lo/Ko(z)). As Ky is algebraically closed, each (unramified) prime of Lo/ K
is of degree 1.

PART I: Solution over a complete field. Let t be transcendental over Lo, and
let K = Ko((t)). By Example 1.2, K is complete with respect to a non-trivial
ultrametric absolute value. Consider Lo and E = K(z) as subfields of Lo((t)).
Then Lo N K(z) = Ko(z). Thus L = LK is a Galois extension of E, and the
restriction G(L/E) — G(Ly/Ko(z)) is an isomorphism. Each unramified prime
of Lo/ Ko extends to an unramified prime of L/K of degree 1.

By Theorem 4.4 there is a Galois extension F} of E with group Kerp such
that F1/K is a regular extension that has an unramified prime of degree 1. By
Proposition 4.3 there is a Galois extension F' of E that contains L and such that
G(F/E) = G and the surjection G(F/E) — G(L/E) is p. Moreover, F/K is
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regular. Let o be a primitive element for F/E, integral over K[z]. Let f €
K|[Z,Y] such that f(z,Y) is the monic irreducible polynomial of o over E. Then
F is the quotient field of K[Z,Y]/f; as F/K isregular, f is absolutely irreducible.

PART II: Construction of a Galois cover. There is a finite sequence x of elements
of K such that F/ = Ky(x, 2, @) is a Galois extension of E = Kq(x, z) with Galois
group isomorphic to G(F/K (z)) via the restriction to F’. We may assume that x
contains all coefficients of f. By Bertini-Noether theorem [FJ, Proposition 8.8] we
may add to x the inverse ¢~! of a suitable ¢ € Ko[x] and thus assume that ¢(f)
is irreducible over Ky for every homomorphism ¢: Ko[x] — Kp. Furthermore
[FJ, Lemma 17.28] there is a polynomial ¢(X, Z) = go(X)Z™ + - - - + gm(X) over
Ko such that go(x) # 0, the ring A = Ky(2)[x, g(x, z)~!] is integrally closed, and
B = Ala] is a Galois ring cover [FJ, p. 57] of A with primitive element o

PART III: Specialization. By Hilbert’s Nullstellensatz there is a sequence a of
elements of Ky such that go(a) # 0 and x — a is a specialization over Kj.
Extend x — a to a Ko(z)-homomorphism ¢: A — K(z) by 2 — z, and then to a
homomorphism ¢ from B into the algebraic closure Lo of Lo. Composing ¢ with
an automorphism of Ly /Ko(2), we may assume that ¢ is the identity on Lg.

Let Fy = Ko(z,¢(a)) be the residue field of ¢. As ¢(f) is irreducible,
#(f)(2,Y) is the monic irreducible polynomial of ¢(a) over Ko(z). Hence
[Fo : Ko(2)] = degy ¢(f) = degy f = |G|. By [FJ, Lemma 5.5|, ¢ induces
a group isomorphism G(F'/E’) — G(Fp/Ko{z)) that extends the restriction
G(LoE'/E’) — G(Lo/Ko(z)). Thus Fp is a solution to the embedding problem.
|

COROLLARY 4.7: Let Ko be a countable algebraically closed field, and let L be
a function field of one variable over Ky. Then the absolute Galois group of L is
the free profinite group F., on countably many generators.

Proof: By assumption, L is a finite separable extension of Ky(z). By Theorem
4.6 and by Iwasawa’s criterion [FJ, Corollary 24.2), G(Ko(z)) = F,,. As G(L) is
an open subgroup of G(Ko(z)), also G(L) = F,, [FJ, Proposition 24.7). |
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